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The development of a population balance model accounting for cell adaptation to a fluctuating environment is focussed in
this article. In a bioreactor, the substrate concentration field and the bioreaction kinetics are strongly coupled. The latter
are determined by the intensity and magnitude of concentration fluctuations encountered along the cell trajectory. Modeling
these interactions between hydrodynamics and biology in heterogeneous bioreactors is a major challenge. This model is
based on a previous work regarding the dynamic response of bioreactors. It is shown that a simplified population balance
equation considering only growth and adaptation is sufficient to reproduce the population growth rate dynamics in batch
and continuous cultures. Finally, a validation of the model implementation in a computational fluid dynamics software is
proposed. The model developed in the homogeneous case now allows the numerical scale-up of a bioreactor, for it connects
the population state to the concentration changes experienced. VVC 2012 American Institute of Chemical Engineers AIChE J,
59: 369–379, 2013
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Introduction

Competition between mixing, gas–liquid mass transfer and
biological reaction is essential to explain the functioning of
biological processes, especially when the scale-up issue is
addressed. Comparison of the time constants of the different
key phenomena is a powerful tool for the analysis of the var-
ious situations that arise during the scale-up of a bioreactor.
When this methodology is applied, it shows that mixing time
increases with the reactor size while the time constant asso-
ciated with the biological phase remains constant.1 This con-
tributes to our qualitative understanding of the formation of
concentration gradients at the reactor scale, which are re-
sponsible for the decrease in bioreactor performance.2–4 The
interactions between hydrodynamics and biology are, how-
ever, more complex than a competition between mixing and
reaction because of the cells’ ability to adapt their behavior
to the concentration fluctuations they experience. The inten-
sity and nature of bioreactions are determined by both the
concentration field and the cell trajectory within the reactor.
Numerous experiments have provided evidence of this strong
coupling and most of them were conducted in scale-down
systems in the laboratory. Dunlop and coworkers were
among the first to identify the effect of micromixing on

growth rate and conversion yields in continuous culture of
Saccharomyces cerevisiae.5–7 Later, it was shown that the
uptake capacity of the cells was affected by the magnitude,
duration and frequency of the feast and famine events.8–10

Recent techniques now allow the consequences of small
scale heterogeneities in the concentration field to be traced
at the cell scale.11–13 These experimental studies confirm
that some heterogeneity in the cell population is induced by
the fluctuations in the cells’ environment. From a modeling
point of view, accounting for the effects of fluctuating con-
centrations on the production of heterogeneity within the mi-
crobial population is a major and current challenge. Our
objective in this work is to build a model that intrinsically
tracks this complexity and to implement this model in com-
mercial computational fluid dynamics (CFD) software. A
CFD code is actually the most suitable tool to address the
simulation of multiphase flows, including mixing, two-phase
mass transfer, and reaction. In most CFD simulations of bio-
reactors, the bioreaction kinetics are not affected by the
occurrence of concentrations gradients and the computation
of the reaction terms are related to the local concentrations.
It is now proposed to extend the modeling of bioreactors so
as to transfer the chemical heterogeneity into a diversity of
subpopulation-level biological responses, via a dynamic pop-
ulation balance approach.

A population balance model (PBM) is based on the con-
cept of segregation. The principle of segregation has already
been used in the study of yeasts, the internal composition of
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which is known to be dependent on the cell age. In a paper
that can be considered as the first in the domain, Subrama-
nian et al.14 described growth phenomena through the use of
a mass balance population model. Most PBMs published so
far refer to different stages of the cell life cycle and use a
partition function that redistributes an internal compound
during cell multiplication.15–20 In that sense, heterogeneity is
constitutive of the biology itself. In the approach proposed
here, the PBM is used to describe a biological heterogeneity
induced by the environment, namely its physical, chemical,
and mechanical heterogeneity.

We were not been able to find any work in the literature
that combines the aspects of PBM (for the biotic phase), bio-
logical reaction, and CFD simulation. Yet such an approach
makes it possible to account for the existence of multiple
physiological states and to consider a biological response spe-
cific to the physiological state. By combining these two con-
cepts, a third issue in the field of biological system modeling
can be addressed, that is, the dynamic adaptation to a fluctuat-
ing environment. In the following, we describe the develop-
ment of a simplified mass balance population-based model in
detail and its validation in the homogeneous case. The pro-
posed PBM is based on a previous work where the adaptation
of the mean population specific growth rate was addressed.21

Then this model is implemented in a CFD code and used to
simulate the dynamic response of the population to a concen-
tration step in a purely convective flow configuration.

Model Framework

The concept of population balance is introduced to
account for heterogeneity in the biological phase as a conse-
quence of nutrient concentration fluctuations (substrate and
oxygen gradients).

Segregation of the population

The criterion chosen to discriminate among individuals is
their specific growth rate l. This choice is convenient since
the domain in the l-space is bounded and known a priori,
so a fixed pivot technique can be used. For any individual
cell, it can be written that

l 2 ½0;lmax� (1)

Secondly, let p(l) be the probability density function in
number of individuals that exhibit a specific growth rate
equal to l and let nT be the total number of cells in the me-
dium. The total number of cells is the integral of the distri-
bution p(l)

nT ¼
Zlmax

0

pðlÞdl (2)

If the interval [0; lmax] is divided into NC�1 subintervals,
the width of each subinterval is Dl ¼ lmax

NC�1
and the coordi-

nates of the NC pivots are given by the vector x

xðiÞ ¼ ði� 1Þlmax

NC � 1
i ¼ 1; ::;NC (3)

The number of cells in the ith class is calculated as fol-
lows

nðliÞ ¼
ZxðiÞþDl

xðiÞ

pðlÞdl (4)

The specific growth rate in each class is then defined as

li ¼ ði� 1Þ: lmax

NC � 1
i ¼ 1; ::;NC (5)

So the Eq. 2 can now be replaced by its discrete form

nT ¼
XNC

1

nðliÞ (6)

In the following, the reference to the specific growth rate
is omitted, that is, n(li) is noted ni. The total biomass is thus
represented by its growth rate distribution: a vector of the
number of individuals in each class

nT ¼ nðliÞf g1;NC ¼ nð1Þ; nð2Þ; ::; nðNCÞf g (7)

The population specific growth rate, lpop, which can be
measured experimentally, is simply written as the mean spe-
cific growth rate, or the first-order moment of the distribu-
tion divided by the zero order moment.

lpop ¼ 1

nT

XNC

1

li:ni (8)

The physiological state of the population is thus related to
the distribution shape. It is noteworthy that identical specific
growth rates can be obtained from two distinct distributions.
The question of how concentration changes influence the
shape of the distribution is addressed in the next part.

Population balance equation

A population balance equation (PBE) describes the trans-
port in both physical and internal variable space. A general
formulation was proposed by Ramkrishna22

@nðn; x; tÞ
@t

þ ui
@nðn; x; tÞ

@xi
� @

@xi
C
@nðn; x; tÞ

@xi

� �

¼ � @

@nj
nðn; tÞ:fð Þ þ hðn; tÞ ð9Þ

n is the vector of internal coordinates that are used to dis-
criminate among individuals, x is the vector of spatial coor-
dinates, and t is the time. The second and third terms of the
left hand side are relative to the convective and diffusive
transport in physical space. These are, respectively, related
to the velocity field, u, and the diffusivity C. Just as u stands
for a velocity in the physical space, f represents the velocity
in the internal coordinate space: the rate of change of n with
time. h is a net production term that reflects the rate of for-
mation or destruction of individuals with a given property
vector n. Since convective and diffusive transport terms are
handled by the hydrodynamic model (using a compartment
model approach or CFD), we have to focus on the transport
in the internal variable space. In other words, the model can
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be developed assuming a spatially homogeneous case. This
enables an examination of the sole dynamic response of the
population while concentration changes can be perfectly con-
trolled. The general PBE then reduces to

@ni
@t

¼ � @

@l
ni:f½ � þ hi (10)

The first term in the right hand side of the Eq. 10 corre-
sponds to transport in the l-space or transfer between the
classes. It describes the number of individuals that change
their growth rate li into li�1 or li þ 1 due to favorable or
unfavorable conditions in the medium (insufficient or exces-
sive concentration with respect to their physiological state).
In this first term, f refers to rate of change of l with time.

f ¼ @l
@t

(11)

The definition of rate of change f is based on previous
work by Morchain and Fonade.21 In that paper, an internal
variable e is introduced and used to calculate the actual spe-
cific growth rate of the whole population. The structured
model proposed in that paper postulates that the microorgan-
isms adapt their specific growth rate according to the dis-
crepancy between their actual specific growth rate and the
optimal specific growth rate in the same medium, lenv.
These two specific growth rates are based on a Monod law
but the former uses the internal variable e whereas the latter
uses the concentrations in the liquid phase. The original for-
mulation of the rate of adaptation was written using the in-
ternal variable e. In this article, the problem is formulated in
terms of specific growth rate l. Thus, the adaptation law
proposed in the previous paper is rewritten as detailed in
Appendix. It can be recalled here that the formulation is
slightly different depending on the sign of the difference
between lenv and li. If this difference is positive, there is a
net transport toward upper classes and the rate of change fu

can be written

fuðlÞ ¼ 1

Tu
þ l

� �
:
lenv � lð Þ
lmax

2l
lenv þ l

if lenv � lð Þ\0; fuðlÞ ¼ 0

(12)

If the difference is negative, there is a net transport toward
lower classes and we have

fdðlÞ ¼ 1

Td
þ l

� �
:
lenv � lð Þ lmax � lð Þ
lmax lmax � lenvð Þ

if lenv � lð Þ > 0; fdðlÞ ¼ 0

(13)

Tu and Td are characteristic time constants that control the

dynamics of the cell adaptation. An estimate of these time

constants was proposed in a previous work21: Tu ¼ Td ¼
1/0.8lmax. Transport between classes occurs when the spe-

cific growth rate afforded by the medium is different from

the specific growth rate of the class considered. The transfer

between classes is proportional to this difference: positive if

the medium allows an increase of the growth rate, negative

otherwise. Note that, for a given class, these two situations

are mutually exclusive.

In the Eq. 10, the second term on the right hand side, hi,
refers to the net flux of new organisms in the volume consid-
ered. In the field of crystallization, this last term stands for
the nucleation process. In our case, it represents the birth of
microorganisms in the ith class due to cell multiplication. A
schematic view of transport in the l-space and growth is
presented in Figure 1. As proposed by Morchain and
Fonade,21 it is assumed that the ability to grow at a given
rate is preserved through the growth process, so

qcvc

V
hi ¼ li:Xi with Xi ¼

niqcvc

V
(14)

In this equation, Xi is the biomass concentration in the
ith class, expressed, for example, in gX L�1, V is the con-
trol volume, qc and vc are the cell density and cell vol-
ume respectively, which are assumed to be constants over
the entire population. Under this assumption, the PBE
given by the Eq. 10 can be written in terms of biomass
concentration

@Xi

@t
¼ � @

@l
Xi:fð Þ þ liXi (15)

As already discussed by Morchain and Fonade,21 the
growth rate li used in the second term of the Eq. 15 is, in
practice, replaced by the actual specific growth rate, lai ,
defined as the minimum of li and lenv since cells whose
growth rate li is greater than lenv cannot grow at their spe-
cific growth rate because they are limited by the availability
of the substrate and can only achieve lenv. In contrast, cells
whose specific growth rate is smaller than lenv are able to
grow at their own specific growth rate li. This leads to the
definition of the actual growth rate of the population

lapop ¼ 1

XT

XNC

1

minðli; lenvÞ:Xi ¼
1

XT

XNC

1

lai :Xi (16)

The last step of the PBE development is to discretize the
first term on the left hand side of the Eq. 15, which is done

Figure 1. Schematic representation of the changes in
the population growth rate distribution.

Dark gray boxes: production of new cells in the jth class

due to growth. Light gray boxes: amount of cells in the

jth class that will move to a class of higher index (lj \
lenv). Black boxes: amount of cells in the jth class that

will move to a class of lower index (lj [ lenv).
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using a first-order upwind scheme. By considering the two
possible directions for the transport in the l-space (upward
or downward), a general expression is obtained

� @

@l
Xifð Þ ffi fuðli�1ÞXi�1 � fuðliÞXi

Dl

þ fdðliÞXi � fdðliþ1ÞXiþ1

Dl
ð17Þ

Some points require particular attention:
• Adaptation is essentially a continuous process. The indi-

viduals belonging to a given class are not redistributed over
the other classes as occurs when discontinuous processes
such as breakage and coalescence are considered. In conse-
quence, there is no integral term to compute in the PBE.
• At steady state, the distribution is reduced to two

adjacent classes of indices i and i þ 1 such that li \ lenv

and li þ 1 [ lenv. The concentrations in all other classes are
zero. In that case, it is straightforward to establish that

� @

@l
Xifð Þ ffi �fuðliÞXi

Dl
� fdðliþ1ÞXiþ1

Dl
(18)

and

� @

@l
Xiþ1fð Þ ffi fuðliÞXi

Dl
þ fdðliþ1ÞXiþ1

Dl
(19)

In other words, at steady state, the net flux between these
two classes is null, which shows that the general formulation
presented is conservative. In fact, this is also true at any
time under transient conditions: the transport in the l-space
results in no change in the total amount of biomass.

Biological reaction modeling

As a first step in the overall model development, a kinetic
model is preferred for the sake of simplicity. The same unstruc-
tured model is used for each class. The present model corre-
sponds to a population of strictly aerobic bacteria. The overall
substrate and oxygen consumptions due to biological reactions
are simply the sum of all consumptions over the classes.

rS ¼ � 1

YSX
�
X
i

lai Xi (20)

rO2
¼ � 1

YSX

1

YSO

�
X
i

lai Xi (21)

The specific growth rate allowed in a given environment
is assumed to follow the Monod model with two substrates:
glucose and oxygen.

lenv ¼ lmax

S

KS þ S
:

O2

KO2
þ O2

(22)

Results

The set of Eqs. 12, 13, 15, 16, 20–22 is solved using Mat-
lab. Since this PBM proposed here is an extension of the
structured model presented in our previous work,21 this pre-
vious model will serve as a reference for the analysis of the
performance of the PBM. The model constants (physical and
biological) are reported in Table 1. The reference strain
chosen is Escherichia coli. The saturation constants, the
conversion yield, and the maximum growth rate are taken
from Xu et al.23

Sensitivity to the number of classes

Some numerical errors, dependent on the number of
classes, NC, are introduced when discretizing Eq. 15. The
first step of the validation is to determine an optimal number
of classes allowing accurate prediction and limited computa-
tional requirements. This is done by studying the establish-
ment of the steady-state in a 2-L chemostat. Initial condi-
tions correspond to a population adapted to an environment
containing a large amount of substrate and oxygen: all indi-
viduals are able to grow at their maximum specific growth
rate and thus belong to the class of index NC, such that
l(NC) ¼ lmax. The initial substrate concentration in the re-
actor is set to S0 ¼3 g L�1 ([[ KS). The feed flow rate is
set to 0.25 mL s�1, which corresponds to a dilution rate of
0.45 h�1. The concentration of the feed is constant and equal
to 2 g L�1. Simulations were run with 10, 20, and 100
classes. The results are presented in Figure 2.

The first observation is that the number of classes indeed
has a minimal influence on the results, especially for NC [
20. This is due to the fact that there is no integral term to
compute in our model since coalescence/aggregation or
breakage are not considered in the PB equation solved. In
the general case, the calculations devoted to birth and death
terms are the most time consuming and accurate results
require a large number of classes, since accuracy relies upon
a current flow number (CFL, in the l-space) smaller than 1.
According to the definition of Tu and Td in the Eqs. 12 and
13, the maximum velocity in the l-space is 1.8 lmax, which
allows the maximal time step to be determined.

Table 1. Model Constants used for the Chemostat
Test Cases

Variable Name Unit Value

Saturation constant Ks g L�1 0.05
Saturation constant KO2 mg L�1 0.1
Maximum specific growth rate lmax h�1 0.6
Yield on substrate YsX gX gS

�1 0.45
Yield on oxygen Yso gO2 gS

�1 1
Adaptation time constant 1/Tu, 1/Td h�1 0.48

Figure 2. Transition toward the steady-state in a che-
mostat culture.

Influence of the number of classes for an initially

adapted biomass.
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CFL ¼ fmaxDt
Dl

� 1 ) Dtmax � 1

1:8NC
(23)

All simulations were run imposing this constraint on the
maximal time step length in the code solver. This explains
why results are so similar.

The second observation is that the final steady-state is, as
was to be expected, independent of the number of classes.
When a steady-state is imposed in the environment, the
whole population of cells is grouped in the two classes sur-
rounding lenv. This can be seen in Figure 3, which presents
the three normalized distributions once the steady-state has
been reached. The amount of cells in each of these two
classes is such that lpop ¼ lenv ¼ D, where D is the dilution
rate. These quantities, Xi and Xi þ 1, can be calculated as the
solution of the following set of equations describing global
mass balances at steady sate in a perfectly mixed chemostat.
The dilution rate D is equal to lenv as defined in the Eq. 22

D S0 � Sð Þ � 1

YSX
liXi þ liþ1Xiþ1

� �
¼ 0

� DO2 þ KLa O�
2�O2

� �
� 1

YOX
liXi þ liþ1Xiþ1

� �
¼ 0

� DðXi þ Xiþ1Þ þ liXi þ liþ1Xiþ1

� �
¼ 0 ð24Þ

The numerical solutions (Xi/XT and Xi þ1/XT) obtained via a
temporal integration of the PBE or via the resolution of Eq.
24 are compared in Figure 4. The data reported were obtained

under various operating conditions: D ¼ 0.45 h�1 with 10 or
100 classes and D ¼ 0.36 h�1 with 20 classes. This figure
shows that the stationary solutions of the PBE coincide with
the solutions of the mass balances. This validates the PBM in
that the population specific growth rate converges toward the
correct values at steady state (D) whatever the number of
classes. Now, the dynamic behavior of the PBM will be stud-
ied through the simulation of batch cultures.

Batch test cases

The main feature of the population model is that the bio-
mass is not necessarily adapted to its local environment.
Thus, the course of a batch culture depends on the initial
state of the population. Two numerical experiments were
carried out to check this sensitivity to the initial conditions
as well as the PBM dynamics:
• Case #1, batch culture with an initially adapted biomass

(adapted to a rich environment: S � KS). The initial specific
growth rate of the population equals the environmental
growth rate.
• Case #2, batch culture with a noninitially adapted bio-

mass (adapted to a poor environment: S ¼ 0.25 KS). The ini-
tial concentrations in the environment are the same as in
case #1. The specific growth rate of all individuals is only a
fifth of that possible in the environment.

The results for both experiments are presented in Figure 5
in terms of glucose and total biomass concentration (a) and

Figure 3. Final distribution at steady-state in a chemo-
stat culture.

Figure 4. Comparison of the mass fraction of cells in
the two classes Xi and Xi1 1 surrounding lenv
calculated via a mass balance or the PBM.

Figure 5. a. Batch culture test case #1, substrate and
total biomass concentration profiles.

Comparison of the structured (open symbols) and PBM

(continuous or dashed line). b. Batch culture test case

#1, profiles of the actual specific growth rate obtained

with the structured model (�) and the PBM with 10

classes (dashed line) and 100 classes (continuous line).

AIChE Journal February 2013 Vol. 59, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 373



population specific growth rate (b). They are compared to
the results obtained with the structured model under the
same conditions. The first observation is that the PBM cor-
rectly reproduces the behavior of the previously published
structured model.

The second observation is that the actual growth rate of
the population strictly follows the growth rate imposed by
the environment (Figure 5b). This is due to the limitation of
li to lenv if li [ lenv already discussed after the Eq. 15.
Here again, the number of classes has a minimal influence
on the dynamics of the model. The changes in l are
smoother, without steep variations, when the number of
classes is increased.

The normalized distribution of the population at different
instants is presented in Figure 6. In this figure, the value of
the environmental growth rate at some particular moments is
also indicated by a vertical dashed line. In test case #1, the
initial substrate concentration is high; the population is
adapted to that environment so all cells belong to the highest
class. As the culture proceeds, the glucose concentration
diminishes and so does the environmental growth rate. Then,
the point is reached where lenv \ l(NC), which creates a
movement in the l_space from the class of index NC toward
that of index NC�1. This phenomenon can be observed in
particular at t ¼ 0.7 h. At t ¼ 4.445 h, the glucose is almost
exhausted and the environmental growth rate has fallen to
0.375 h�1. Yet, the population specific growth rate associ-
ated with the distribution at that time is clearly above that
value, around 0.5 h�1. From that point onward, the environ-
mental growth rate falls rapidly to zero, as does the actual
population growth rate, but the population specific growth
rate decreases only progressively as the distribution shifts to
the left. The population specific growth rate can, therefore,
be considered as the specific growth rate that the population
would exhibit after a sudden pulse of glucose resulting in a
glucose concentration S [[ KS, that is, it represents the
potential specific growth rate of the population. Such an
addition at t ¼ 4.76 h, (20 min after the glucose exhaustion)
would lead to a population growth rate of around 0.35 h�1,
while the same addition at t ¼ 6 h would result in a popula-
tion growth rate of around 0.1 h�1. This Figure 6 thus illus-
trates one fundamental feature of the model that introduces a
decoupling between the potential growth rate of the popula-
tion and the growth rate allowed by the environment.

Test case #2 deals with the sensitivity of the model to the
initial conditions and presents some aspects of the model dy-
namics. The population is not adapted to the environment at
t ¼ 0 and the population growth rate is set to 0.133 h�1 by
putting all cells a single class corresponding to that value.
The results obtained with 10 classes are compared to the
results given by the structured model in Figure 7a, b. Figure
7a shows that the dynamics of the PBM is very similar to
that of the structured model, which confirms that the approx-
imations made in Appendix to establish the expression for
f(l) are acceptable. Because of the lower initial growth rate,
the glucose and total biomass curves are pushed back. The
comparison with the results of the previous case #1 (dashed
line) shows that even if the same environment is imposed to
both populations at t ¼ 0, the growth dynamics is dependent
on the previous conditions experienced by each population.
These results can be regarded as the response of two popula-
tions previously adapted to high or low substrate concentra-
tions (coming from different locations in a reactor) and
exposed at t ¼ 0 to the same environment. The Figure 7b
shows the profiles of the actual population growth rate, the
environmental growth rate as computed in the PBM and the
growth rate computed with the structured model. The latter
is the analog of the population actual specific growth rate.
The environmental growth rate being higher than the popula-
tion growth rate, a shift of the distribution toward higher

Figure 6. Normalized distribution of the population
specific growth rate (mass fraction of cells
able to grow at li) during the batch culture
for test case #1.

Figure 7. a. Batch culture test case #2, substrate and
total biomass concentration profiles.

Comparison of the structured (open symbols) and PBM

(continuous line). Results from test case #1 are recalled

(dashed line). b. Batch culture test case #2, specific

growth rate profiles obtained with the structured model

(�) and the PBM with 10 classes (dashed line) and 100

classes (continuous thick line). Continuous line: PBM

environmental growth rate.
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classes takes place and the population specific growth rate
progressively increases. The dynamics is almost independent
of the number of classes and is very similar to that obtained
with the structured model. The population specific growth
rate finally becomes limited by lenv shortly after 3 h of
batch culture. The slight differences observable in Figure 7b
between the profiles of l_structured and l_10classes (or
l_100classes) are due to the fact that the concentration pro-
files in Figure 7a are not exactly the same. This is a conse-
quence of the approximations made when defining the rate
of change f(l).

Comparison with experimental data

The PBM kinetic model is now compared to an experi-
mental data set from the work of Kätterer et al.24 Kätterer
and coworkers have reported the data from continuous cul-
tures of Candida tropicalis performed in a 3-L reactor,
equipped with a two-stage stirrer rotating at 1000 rpm, under
conditions of limiting glucose (concentration below 10 mg
L�1) and sufficient oxygen (pO2 [ 50%). After a batch
growth phase, cells were transferred into a chemostat and
cultivated at a dilution rate of 0.1 h�1 until a steady-state
was reached (e.g., during more than 7 volume changes). A
step increase in the dilution rate from 0.1 to 0.42 h�1 was
applied to the reactor. The biological characteristics of the
strain are given in the cited paper (lmax ¼ 0.52 h�1) and the
saturation constant and yield were deduced from the steady-
state (KS ¼ 10 mg L�1, YSX ¼ 0.61). The same biological
parameters are used for the simulation and the population is
considered adapted to the environment prior to the step
increase of the dilution rate. The results are presented in Fig-
ure 8, which compares the experimental profiles of biomass
and substrate to those predicted by the simulation. The dy-
namics of the transition between two steady-states is well
described but the biomass concentration level is not, because
a constant yield YSX is used. It was shown in a previous pa-
per that the introduction of a Pirt’s law expression, YSX ¼
f(l), allowed much better prediction of the concentration
levels without affecting the transition dynamics. Considering
a variable yield could constitute a future improvement for
the biological reaction part of the model but it is not consid-
ered as essential at the moment.

Coupling with CFD simulation

The PBM was implemented in the CFD code Fluent via a
user defined function. The number of classes was set to NC
¼ 10 to limit the computational requirements. The formal
analogy between the set of equations describing the spatial
evolution of the concentrations in an ideal plug flow reactor
(dispersion neglected) and the temporal evolutions in a per-
fectly mixed reactor operated in batch mode was used to
design a test case. The equation for the batch case is Eq. 10.
Considering the change of variable, u ¼ x/t, this equation
leads to Eq. 25 that stands for the steady-state simulation of
the ideal plug flow.

ui
@nðn; x; tÞ

@xi
¼ � @

@nj
nðn; tÞ:fð Þ þ hðn; tÞ (25)

The plug flow reactor was simulated with Fluent software,
the batch reactor is simulated with a personal code devel-
oped in Matlab. In both codes, population balance dynamics,
biological reaction, and oxygen mass transfer were consid-
ered. The same set of equations with identical parameter val-
ues, given in Table 2, was solved. The ideal gas–liquid plug
flow was first simulated in Fluent with a Euler-Euler
approach. The liquid phase velocity, u, was chosen such that
the residence time in the plug flow reactor of length L
equaled the duration of the batch simulation t ¼ L/u (Figure
9). Once the velocity field for each phase and the gas vol-
ume fraction had been computed, these variables were frozen
and the scalar equations for the biomass, substrate and oxy-
gen in both phases were solved. A constant bubble size and
mass-transfer coefficient KL were imposed, leading to the
same KLa for both simulations. Its value was chosen to
ensure high oxygen concentrations in the medium. The ini-
tial conditions of the batch simulation correspond to the inlet
conditions for the CFD simulations. A uniform distribution
of the total biomass among the 10 classes was prescribed.
The ratio between initial substrate and initial biomass was
such that complete exhaustion would take place during the
simulation. The results obtained with the CFD simulation of
the ideal plug flow were compared to those obtained with
the simulation of a batch culture in a perfectly mixed reactor
using a Matlab code. The total biomass and substrate profiles
are reported in Figure 10. The biomass profiles for four of
the 10 classes are presented in Figure 11. The abscissa in
Figures 10 and 11 is expressed in time unit but it actually
corresponds to the distance from the inlet of the plug flow
reactor, which has been converted into a residence time. Per-
fect agreement can be observed, which indicates that the dif-
ferent equations have been correctly implemented and solved
within each code. The total biomass and substrate profiles
are typical of a batch culture. The global mass balances are
satisfied since 0.75 g of additional biomass is produced while

Figure 8. Transient response of a continuous culture of
Candida tropicalis to a sudden shift in the
dilution rate from D 5 0.1 to 0.4 h21.

Continuous line: PBM.

Table 2. Model Constants used for the CFD Simulation

Variable Unit Value

Ks g L�1 0.05
lmax h�1 1
Duration h 1.67
S inlet g L�1 1.5
XT inlet g L�1 1
YSX gX gS

�1 0.5
1/Tu h�1 0.9
1/Td h�1 0.9
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1.5 g of substrate is consumed. Moreover, the concentration
profiles of the different classes help our understanding of the
complex relationship among the concentration of the sub-
strate, the actual growth rate of the population, and the
changes in the shape of the distribution. The initial substrate
concentration is high (far above KS) so lenv ¼ lmax. Since the
initial distribution is uniform, the initial population growth
rate is only half the maximum specific growth rate, i.e.
lpop(0) % 0.3 h�1. The environment is rich in substrate; the
population specific growth rate can increase. This results in a
movement toward the right in the l-space. Additionally,
growth increases the amount of cells within each class. Before
substrate exhaustion (around 3800s), X1 decreases continu-
ously because the mass transfer term toward class #2
dominates growth in class #1. X10 increases because of mass
transfer from class # 9 and growth. The other two classes are
subject to growth and mass transfer which, in these cases,
contains two terms (from the lower class and toward the upper
class). From t ¼ 3000 s, the net rate of accumulation of class
#10 becomes slower. Just before substrate exhaustion, this
rate becomes negative and the amount of cells in class #10
starts decreasing because the environmental growth rate is
falling rapidly to zero. After glucose exhaustion, a movement

from the right to the left in the l-space takes place. The
amount of cells in class #10 now decreases sharply and this
fuels the classes of lower indices. It should be noted that, de-
spite the increase of X1, X4, and X7, the population specific
growth rate indeed decreases; while the actual population
growth rate is null as imposed by the environment. Figure 12
shows how the normalized specific growth rate distribution
responds dynamically to the changes in the environment. This
figure illustrates once again that heterogeneity in the biologi-
cal phase persists in a homogeneous environment. Owing to
the modeling approach adopted here, the shape of the normal-
ized distribution results from both the local composition of
the environment and the history of the population.

Discussion

Chung and Stephanopoulos25 have proved the existence of
heterogeneities in a population of E. coli bacteria grown in a
common environment. The presence of multiple physiologi-
cal states among individuals in the same culture is consistent
with the fact that biological systems can be described by a
large number of coupled mass balance equations for which
multiple solutions are known to exist. Multiple solutions are
frequently encountered in systems of strongly coupled

Figure 9. Set-up of the CFD model for the simulation
of the ideal plug flow.

Figure 10. Implementation of the PBM in the CFD sim-
ulation: comparison of the total biomass
and substrate profiles.

Symbols: plug flow model (CFD), continuous lines:

batch culture (Matlab simulations).

Figure 11. Implementation of the PBM in the CFD sim-
ulation: comparison of the biomass concen-
trations in classes #1, 4, 7, and 10.

Symbols: plug flow model (CFD), continuous lines:

batch culture (Matlab simulations).

Figure 12. Normalized distributions at different resi-
dence times (eq. locations) in the plug flow
reactor.

Symbols: plug flow model CFD, continuous line: batch

culture (Matlab simulations).
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nonlinear equations. Chung and Stephanopoulos explain that
nonlinearity arises from regulatory mechanisms such as feed-
back existing in microorganisms. Thus, the simultaneous
occurrence of multiple physiological states may be consid-
ered as a fundamental characteristic of a biological popula-
tion.25 According to these authors, the physiological homo-
geneity frequently assumed in both experimental and theoret-
ical analysis of cell behavior lacks theoretical justification.

As far as this biologically induced heterogeneity (constitu-
tive heterogeneity) is concerned, it is nowadays taken into
account via PBM that distinguish between the different
phases during the cell life cycle. The heterogeneity within
the population arises from a partition function that redistrib-
utes an internal compound unevenly among the newborn
cells. As already mentioned, this requires the computation of
an integral term in the PBE. The noteworthy point here is
that the associated time scale of these models is much
shorter than the time scale for growth.

In this work, we are interested in externally induced hetero-
geneity, that is, physiological heterogeneity as a consequence
of external fluctuations (concentration, pH, mechanical stress,
etc.). Of course, the two mechanisms producing heterogeneity
within the biological population are not mutually exclusive. In
many industrial situations, one may fear a combined effect of
these two contributions and this makes the analysis of the rela-
tionship between operating conditions and biological response
even more tedious. To perform a validation in a clearly identi-
fiable situation, we focused on the development of the PBM in
the so-called homogenous case. If the spatial derivatives are
discarded in Eq. 9, it implies that the bioreactor is perfectly
mixed. The fact that the reactor is perfectly mixed means that
all cells will be exposed to the same concentration, but this
concentration can vary in time. In this work, all cells are
simultaneously exposed to a single concentration step. This
allows the examination of the dynamic response of the popula-
tion solely. The way concentrations changes are imposed can
be used to reproduce the fate of cells in a large scale bioreac-
tor. The magnitude of the concentration change itself mimics
the fact that a volume of fluid containing cells is passing close
to the feed point in a macroscopically heterogeneous bioreac-
tor. The frequency can be related to the mean circulation time.
Therefore, the model presented here can be used, as it is, to
perform scale-down experiments: the study the effect of
repeated pulse additions of substrate in a batch reactor, a
method which is commonly used to mimic the effect of con-
centration gradients occurring in large scale reactors as
explained by Neubauer and Junne26 in a recent review.

In the continuity of a previous work, our choice was to
build a model that accounted for the adaptation of the popu-
lation growth rate. It has been shown that the time scale
associated with this model is of the same order as the time
scale for growth. In our model, the population is discrimi-
nated according to the specific growth rate and the adapta-
tion dynamics is controlled by a time constant Ta # 1/lmax.
So, it naturally makes sense to combine this population
model with a hydrodynamic model consisting of a number
of interconnected perfectly mixed reactors, provided each re-
actor has a residence time of about 1/lmax. There are indeed
many various time scales associated to the biology of the
cell. Another biological phenomenon can be considered lead-
ing to a different time constant. In case this time constant is
comparable to the mixing time of the bioreactor then it is
thought that the combination of PBM and CFD represents
the most promising and rigorous approach.

In our model, the biologically induced heterogeneity is fil-
tered: growth in a given class does not produce heterogeneity
within this class. In consequence, there is no partition function
and no integral term to compute in the proposed PBM, which
can, therefore, be regarded as a subpopulation model. Because
there is no integral term to compute, the accuracy of the model is
independent of the number of classes provided that a condition
on the CFL in the l-space is satisfied. One characteristic of the
biological model also contributes to this particular feature of the
PBM: the glucose uptake rate is directly linked to the specific
growth rate via YSX. There is much experimental evidence indi-
cating that the instantaneous substrate uptake rate and the spe-
cific growth rate are indeed decoupled.8,10,27–30 The consequence
on the calculation of the actual uptake rate has been thoroughly
discussed in a previous work,21 where it was concluded that:

1. The actual uptake rate should be based on the concen-
tration in the liquid phase.

2. It is independent of the specific growth rate.
Adapting these conclusions to the present model means

that, in classes where li is lower than lenv, the uptake rate
exceeds the utilization rate for (balanced) growth. The fate
of the extra amount of substrate is a matter of intracellular
biology but one crucial point is the correct estimation of the
accumulation rate /S,acc in gS s�1. For each class, this can
be easily expressed from the difference between the actual
uptake rate and the utilization rate. At the population scale,
this leads to the following equation

uS;acc ¼
Zlenv

0

lenv � lið Þ
YSX

:Xi:dl (26)

Since there is now an integral term in the PBM, the num-
ber of classes is essential because it affects the shape of the
distribution, that is, the amount of cells in each class, and
thus the accuracy of the integral presented in Eq. 26.

In the present form, our choice of a limited number of
classes reduces the computational cost of the simulation but
does not affect the generic character of the observations made:

1. The growth rate distribution reflects the history of the
concentration field encountered and it evolves with the local
conditions.

2. The PBM is a convenient tool to address the issue of
interactions between physical heterogeneity and physiologi-
cal heterogeneity.

3. The PBM can be incorporated in the framework of a
CFD code.

This discussion, therefore, points out that the representa-
tion of the population and the model for biological reactions
are far from being independent.

Conclusion

A population model accounting for the adaptation of a mi-
crobial population to a changing environment was developed
and validated against an existing model as well as experimen-
tal data. In a previous paper, the concept of inertia in the
dynamic response of the population was introduced leading to
a structured model. However, the fate of each individual was
not considered and the whole population was described by a
single internal variable. The population balance approach
enlarges the capabilities of that model for it considers the dis-
tribution of the internal variable within the population. In this
article, the method of class is used to solve the PBE. The in-
ternal variable chosen is the specific growth rate that is
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assumed to be different between individuals and from that
defined by the concentrations of substrates in the liquid phase.
The model is used to predict the changes in the population
growth rate as a response to some changes in the environment.
A kinetic model is used to define the reaction rates due to the
biological activity. The influence of the number of classes on
the results was shown to be minimal. In this context, it was
shown that the proposed PBM correctly represents the specific
growth rate dynamics. Therefore, this type of model correctly
handles the issues regarding the mixing of distinct populations
and the consequences of external fluctuations on the actual
specific growth rate of the microbial population. The PBM
model proposed was also implemented in the CFD code FLU-
ENT and successfully validated. This work can now serve for
a rational approach of scale-up issues in bioreactors by taking
into account the two way coupling between velocity/concen-
tration fields and population dynamics. In the present work, a
single parameter was chosen to segregate the population.
However, it is obvious that the description of the cell dynam-
ics should refer to more than one parameter. Thus, future
works should focus on the formulation of a multidimensional
PBM for bioreactions along with suitable solving methods.

Notation

hi ¼ net flux of new cells in the ith class, g L�1 s�1

KLa ¼ mass-transfer coefficient, s�1

KS ¼ affinity constant for the substrate, g L�1

KO2 ¼ affinity constant for oxygen, g L�1

NC ¼ number of classes
ni ¼ number of cells in the ith class
nT ¼ total number of cells

[O2gas] ¼ local oxygen concentration in the gas, g L�1

[O2liq] ¼ local oxygen concentration in the liquid, g L�1

Opop
2X ¼ respiratory capacity of a cell, g gX

�1

Opop
2 ¼ respiratory capacity of the population, g L�1

[O2]* ¼ local saturation concentration, g L�1

rS ¼ reaction rate for substrate, gS
�1 s�1

rO2 ¼ reaction rate for oxygen, gO2
�1 s�1

rXi ¼ reaction rate for the ith class of biomass, gX
�1 s�1

S ¼ local substrate concentration, g L�1

vc ¼ volume of one cell, m3

Xi ¼ concentration of cells in the ith class, g L�1

XT ¼ total concentration of cells, g L�1

YOX ¼ yield coefficient of oxygen per unit of biomass, gX gO2
�1

YSX ¼ yield coefficient of substrate per unit of biomass, gX gS
�1

Superscripts

d ¼ downward, transfer toward a class of lower index
u ¼ upward, transfer toward a class of higher index

Subscript

i ¼ class index

Greek letters

f ¼ rate of change of specific growth rate, s�2

l ¼ specific growth rate, s�1

lenv ¼ specific growth rate that the biomass can reach, s�1

lmax ¼ maximum specific growth rate, s�1

lpop ¼ population specific growth rate, s�1

U ¼ net rate of substrate accumulation gS s�1
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Appendix

In a previous work, a single variable e (in ge gX
�1) was

introduced to describe the dynamic behavior of a population
of cells subjected to sudden changes its environment. The
main equations proposed were

The conservation equation for e over a volume V flushed
by the flow rate Q

dðX:e:VÞ
dt

¼ Q:X:ejin�Q:X:eþ re:V þ Ae:X:V (A1)

The adaptation rate of the whole population

Ae ¼ dqþ e� � eð Þ 2e

e� þ e
þ 1 � dð Þq� e� � eð Þ

d ¼ 1 if e� > e and d ¼ 0 otherwise

(A2)

A kinetic constant

q ¼ 1

s
þ lb (A3)

A law of equilibrium relating the actual specific growth
rate to the internal variable e

lb ¼ lmax

Y
i

ei
kei þ ei

(A4)

In that work, only one variable e was considered. Thus, e
can be expressed as a function of l

l ¼ lmax

e

k þ e
(A5)

It can be recalled here that e* is the value of e when a
steady-state is reached, that is, when the population and its
environment are in an equilibrium state, which is expressed
mathematically as l(e*) ¼ lenv

The rate of change f(l) can be written as

fðlÞ ¼ @l
@t

¼ @l
@e

:
@e

@t
¼ lmaxk

k þ eð Þ2
:Ae

If the difference (e*�e) (or equivalently l*�l) is posi-
tive, the combination of Eqs. A2 and A5 leads to the expres-
sion for the rate of change f(l)

fðlÞ ¼ lmaxk

k þ eð Þ2

1

T
þ l

� �
: e� � eð Þ: 2e

e� þ e
(A6)

To express this rate as a function of l only, we can con-
sider the following expressions

lenv � l
lmax

¼ e�

k þ e�
� e

k þ e
¼ k

k þ e�ð Þ k þ eð Þ e� � eð Þ (A7)

and

2e

e� þ e
¼ 2l

lenv
lmax�l

lmax�lenv
þ l

	 2l
lenv þ l

(A8)

If we observe that (k þ e*) and (k þ e) are of the same
order of magnitude, these expressions can be simplified and,
also using the Eq. A6 we obtain

fðlÞ ffi lmaxk

k þ eð Þ2

1

T
þ l

� �
:
lenv � lð Þ
lmax

k þ e�ð Þ k þ eð Þ
k

:
2l

lenv þ l

(A9)
This expression can be finally simplified to

fðlÞ ¼ 1

T
þ l

� �
lenv � lð Þ: 2l

lenv þ l
(A10)

Respiratory capacity dynamics

Spatial integration over an elementary volume of fluid
containing a large number of microorganisms leads to the
definition of a macroscopic state variable, Opop

2 .

Opop
2 ¼XT :O

pop
2X (A11)

The population respiratory capacity, Opop
2 , is transported

along with the group of microorganisms it characterizes: it is
treated as a dissolved species in the transport equations.

In a previous paper, a general expression for the conservation
equation of a state variable was proposed and used to model the
adaptation of the growth rate to changing conditions (Morchain
and Fonade, 2009). The same formulation is applied here to
describe the dynamics of the respiratory capacity of the popula-
tion. Although its chemical identity is not specified, the biologi-
cal variable Opop

2 is taken as an extensive variable, expressed in
arbitrary units per gram of biomass, so a conservation equation
for Opop

2 over an elementary volume is written

dðX:Opop
2 :VÞ
dt

¼ Q:X:Opop
2

��
in
�Q:X:Opop

2 þ rO2
pop
:V þ AO2

pop
:X:V

(A12)

Where

rOpop

2
¼

X
i

liXi:O
pop
2 (A13)

and

AOpop

2
¼ dqþ O�

2 � Opop
2

� � 2Opop
2

O�
2 þ Opop

2

þ 1 � dð Þq� O�
2 � Opop

2

� �

d ¼ 1 if O�
2 > Opop

2 and d ¼ 0 otherwise

(A14)
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